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üQuantum chaos ïgeneral concepts

üThe Quantum Kicked Rotator (a Floquet model 

system)

üDynamical (Chirikov ) localization of the eigenstates 

and its measure

üQuasienergy spectrum and statistical properties -

intermediate statistics  

üScaling properties for the degree of localization and 

the spectral level repulsion parameters

üSummary & outlook
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Quantum chaos ïgeneral concepts

üClassical Mechanics: Regular vs. Chaotic motion

Question: What are the quantum criteria to distinguish chaotic from regular dynamics?
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üQuantum Chaos: the study of the quantumbehavior of 

classically chaotic systems

Some main differences: 

Å linearŸ no chaotic behavior 

Å uncertainty principle (trajectories loose their meaning)

Type of quantum systems: 

Å Time-dependent (M-spatial dimensions + time), e.g. the kicked rotator

Å Time-independent (M-spatial dimensions), e.g. billiards



General properties of the level repulsion in spectra
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Brody et al. Rev. Mod. Phys.53 (3) 385-480 1981

Segments of spectra Nearest-neighbor spacing histograms
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Time-independent systems - Billiards

Statistics of probability distributions of neighboring energy level spacings 

Classical 

trajectories:

Quantum 

statistics:

Stable/Periodic              Chaotic

Poisson Wigner/GOE

s= 0 Ÿ energy levels tend 

to clustertogether 

(energy level 

crossings)

s= 0 Ÿ energy 

levels repel

each other 

(avoided level 

crossings)

intuitively:

Åindependentvariables    regularity

Ålarge correlations            chaoticity
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Classical dynamics:

Chaotic motion leads to diffusive growth in the kinetic energy:

Quantum dynamics: Quantum kicked rotator

Themotionof thequantumkickedrotatoris governedby thetime-dependentSchrödinger

equation:

ThemotionafteroneperiodT of theɣwavefunctionthencanbedescribedby thefollowing

mapping:

The standard map is a prototype model for classical and quantum chaos

and describes many systems occurring in the fields of mechanics, e.g.  

accelerator physics, plasma physics, and solid state physics. 

Time-dependent systems ïKicked Rotator (I)

kick

ǩ : Planck's constant

I :  moment of inertia 

K:  perturbation strength 

Control parameters:

Űſ ǩɇ/Ƚ

kſK/ ǩ

Half rotation Half rotationKick

via the Heisenberg operatorswith the commutation relation:

[p,ɗ] = -i ǩ

q



Time-dependent systems ïKicked Rotator (II)

In orderto studyhow the localizationaffectsthestatisticalpropertiesof thequasienergy

spectra, weusethemodel'srepresentationwith a finite numberN of levels:

Thefinite symmetricunitary matrix Unm determinestheevolutionof aN-dimensionalvector

(Fourier transformofɣ) of themodel:

Phase space Ÿ infinite (cylinder) p ⱦ(-Ð,+Ð), ɗ ⱦ[0,2́ ), eigenvaluesŸ complex unit circle 

(U: unitary Floquet operator), spectrum of the eigenphasesűnŸ continuous or discrete,

depending on theŰ=4 ŕ/q, q =2N+1, r Ÿ positive integer:
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År/q rational : continuousspectrum Ÿ ballistic motion

t

2p< >

År/q irrational : discrete (finite) spectrum 

Ÿ Dynamical (Chirikov) Localization  

(quantum suppression of classical diffusion) 

Ÿ Anderson localization(like for 1D solids with disorder)

classical

quantum

2p< >

t

odd parity basis
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K=0.5 K=0.9716 K=1.3

K=2.0 K=5.0 K=7.0



localization time ~ localization length:
Shepelyansky Phys. Rev. Lett.56677 (1986)
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Diffusion, transport & accelerator modes

accelerator modes : boost by a 
constant amount of momentum on each 

iteration  Í  stability islands.

The main family occurs in the stability window:

n = 1000 n = 5000

K=7

Anomalous diffusion:

ÅSubdiffusive (0<ɛ<1) transport 

due to the regular islands of stability

ÅSuperdiffusive (1<ɛ<2) transport 

due to the accelerator modes

ɛ=0.9 (slope), Dɛå 169.82

aɛ: empirical factor (numerical calculations)

lÐ: follows all the oscillations of the classical  

diffusion coefficient Dɛ.

For normal (ɛ=1) diffusion:

MT & M. Robnik (2013) Phys. Rev. E, 87062905
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Pure quantum 

diffusion in the 

classically chaotic 

region.

Full correspondence 

between quantum and 

classical diffusion

(on the finite time 

scale t<td).

Semiclassical region below the 

classical global stability border.

The semiclassical approach  is valid 

only inside the main nonlinear resonance.

Quantum 

stabilization 

of classical 

chaotic 

motion.

Quantum 

stabilization 

both of the 

stable motion 

inside the main 

resonance and 

of the motion 

in the

vicinity of the 

separatrix.

Izrailev FM, Phys. Rep.,196, 299-392 (1990)

Different regions of the behaviour of the quantum kicked rotator as a 

function of the values of the classical (K) and quantum (k) parameters
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Brody PDF:
Årather simple expression

Åwrong limit for ɓ= 1 and large spacings s >>1

Ånot valid for ɓ > 1 (e.g. GUE & GSE)

Izrailev PDF:
Årather complicated expression

Åcaptures better the s Ÿ Ð regime

Åvalid for ɓ= 1,2 & 4

Intermediate Statistics: Brody or Izrailev?

Normalization conditions:

C1, A Ÿ

C2, B Ÿ



Quasienergy spectrum and statistical properties 

K=7 with slightly different values of ȹk << k=11, MĀN=641x398, ɓå 0.42
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Brody
Izrailev

Brody
Izrailev

Brody
Izrailev

W(s): cumulative distribution

U Ÿ (const. & indep. of s)

Batistiĺ,B., MT & M. Robnik (2013) EPL, 10250008



N=398 N=796

N=4000

T. Manos 13

ɢ2 test for Brody & Izrailev PDF

Brody
Izrailev

Brody
Izrailev

Brody
Izrailev


